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Results are given of an investigation of the thermal  stresses in an infini te plate for a problem of the third 
kind, when the temperature  of the medium varies exponential ly  with t ime ,  

In a number of cases it is necessary to invest igate the symmetr ica l  heating of a plate,  taking into account thermal  
stresses, under boundary conditions of the third kind, when the temperature  of the medium varies exponent ia l ly  with t ime ,  
i . e . ,  
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Here it is required to determine either the quantities defining the thermal  effect of the medium on the heated body, or, 

if they are given, the maximum thermal  stresses. This paper therefore establishes the connection between the maximum 
thermal  stresses and Biot and Predvoditelev numbers. 

The thermal  stresses in a plate,  when the origin of coordinates is located on one of its surfaces, are given by the 
expression [I] :  
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The variat ion of tempera ture  for the boundary conditions indicated is given by the equation [2]: 
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When the plate is restrained from bending, i.e., when the coefficient H b in (2) is zero, the thermal stresses are propor- 

tional to the difference between the temperature at any point and the mean. Integrating (2) and taking into account (3), 

we may write this difference in the form 
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It follows from (4) that, when the plate is cooled, the greatest tensile stresses will be at the surface x = R, and the great- 

est compressive stresses at x = 0. When there is heating, the stresses change sign. For both heating and cooling, the ab- 

solute value of the thermal stresses at points x = R will be approximately twice as large as at points x = 0. 

Since we are interested in pract ice  in the maximum stress, we have invest igated the stresses at x = R. The curves 

of Fig.  I a  show the relat ionship between the Bi and Pd numbers and the max imum stress, ca lcu la ted  according to (4) using 
three terms of the series, and correct to five places.  Clear ly,  the thermal  stresses increase with increases in Bi and Pd. 

When these parameters become infinite,  the re la t ive  value of the thermal  stresses is unity, i . e . ,  the stresses are deter-  

mined by the difference between the in i t ia l  body tempera ture  and the max imum tempera ture  of the med ium.  

In Fig .  l b  the Fourier number corresponding to the t i m e  of occurrence of max imum stress is shown as a function of 

Bi and Pd. It may be necessary to use this diagram to decide  the permissible thermal  stress in plates subjected to other 

var iable  loads as well  as those due to heat ing,  e . g . ,  the increase in pressure in the  housing of a s team turbine during 

start -up. 
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It is c l e a r  f rom t h e  f igure  t ha t ,  when  h e a t i n g  at the  peak ra te ,  i . e . ,  when  Bi = ~,  whi le  the  t e m p e r a t u r e  of the  

m e d i u m  var ies ,  t he  m a x i m u m  stress does not deve lop  at once ,  but  depends on the  Pd n u m b e r ,  
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Fig .  1. 
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D e p e n d e n c e  of f~ E (tm - - t o )  A (a) and F o m a  x (b)  on Bi and Pd: 

1 - P d  = 0 .5 ;  2 - 1; 3 - 2; 4 -  4; 5 - 10; 6 - ~o 

T h e  a p p l i c a t i o n  of t he  re la t ionsh ips  ob t a ined  m a y  be  i l lu s t r a t ed  by cons ider ing  an e x a m p l e .  

Let the  pe rmis s ib l e  v a l u e  of the  t h e r m a l  stresses (Omax) be  19 ,600  n e w t o n / e r a  2, t he  coe f f i c i en t  of l i n e a r  e x p a n -  

sion ~ = 1 2 . 5  . 10 -6 / d e g r e e ,  the  modulus  of e l a s t i c i t y  E = 19 .62  �9 10Sn /cm 2, t he  Poisson ra t io  u = 0 .3 ,  t he  m a x i -  

m u m  d i f f e r e n c e  b e t w e e n  the  t e m p e r a t u r e  of the  m e d i u m  and i n i t i a l  body t e m p e r a t u r e  t m - t o = 287~ the  t h e r m a l  

d i f fus iv i ty  a = 0. 045 m2/hr ,  Bi = 2 .5 ,  pIa te  th ickness  R = 0 . 3  m .  We shal l  d e t e r m i n e  t he  o p t i m u m  b e h a v i o r  of t he  

t e m p e r a t u r e  of t he  m e d i u m  dur ing h e a t i n g ,  and the  t i m e  of o c c u r r e n c e  of t h e  m a x i m u m  stress. 

For t h e  g iven  cond i t ions ,  (1 - U ) a m a x / f ~ E ( t  m - to) is 0. 195. Corresponding  to this  v a l u e  of (1 - U)Omax/  

//3 E ( tm  - to) f rom Fig .  1 we h a v e  Pd --= 2 .0 ,  F o m a  x = 0 . 6 6 .  Consequen t ly ,  t he  o p t i m u m  i n c r e a s e  in t he  t e m p e r a t u r e  

of t he  m e d i u m  is g iven  by:  

tc ( ~ ) =  tm - -  (trn - -  to) exp  ( - -  Pd Fo) = 307 - -  287 exp  ( - -  4~), 

and t he  t i m e  of  o c c u r r e n c e  of t he  m a x i m u m  stress is 

Fomax R ~ 
":max = - -  ~--- 1 .32 hr .  
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T h e r e  wil l  be  ana logous  cases where  i t  is r equ i red  to f ind t h e  pe rmiss ib le  v a l u e  of  the  Biot n u m b e r  for a g iven  

m a x i m u m  stress and Pd num ber ,  or where  i t  is r equ i red  to c h e c k  t h e  stresses in condi t ions  when  Bi and Pd numbers  are  

known.  

NOTATION 

Bi = ctR/X - Biot num ber ,  Pd = kR2/a - P redvod i t e l ev  number ,  Fo = a r /R  2 -- Four ier  number ,  ct - h e a t  t ransfe r  

c o e f f i c i e n t ,  k - cons tan t ,  a - t h e r m a l  d i f fus iv i ty ,  X - t h e r m a l  c o n d u c t i v i t y ,  r - t i m e ,  ~ - coe f f i c i en t  of l i nea r  ex -  

pansion,  E - modulus  of  e l a s t i c i t y ,  t o - i n i t i a l  t e m p e r a t u r e  of body,  t m - m a x i m u m  t e m p e r a t u r e  of m e d i u m .  
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